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INTRODUCTION 
Based on Green’s new methods [12] in his theory of corresponding 
modules, in this article the module theory of blocks with cyclic defect 
groups is studied over arbitrary fields. The main results of this paper are 
collected in 
THEOREM 10.1. Let F be an arbitrary field of characteristic p > 0 dividing 
the order ) G 1 of the jinite group G. If B tt e is a block of the group algebra 
FG with a cyclic defect group D and inertial index t, then the foliowing assertions 
hold: 
(a) t divides p - 1. 
(b) B contains t nonisomorphic simple FG-modules. 
(c) D is a vertex of every simple FG-module of B. 
(d) B contains t 1 D 1 nonisomorphic indecomposable FG-modules. 
Brauer’s definition of the inertial index of a block [2, p. 5081, although 
meaningful even for nonsplitting fields, gives, in general, a number that 
is too large for our purposes. Therefore, in Section 4, another inertial index 
t of a block is introduced. Let H be the normalizer of D in G, and let 
B, tf e, = uh(e) be the unique block of FH with defect group D corre- 
sponding to B t+ e under the Brauer correspondence ao . Then, the inertial 
index t of B is defined as the number of simple FH-modules of Bi (Defini- 
tion 4.3). If D is cyclic, and if F is a splitting field for G and all its subgroups, 
then t coincides with Brauer’s inertial index (Proposition 4.6). Therefore, 
Theorem 10.1 generalizes the corresponding results of Dade [5], Feit and 
Rothschild [22], Janusz [14], and Kupisch [16]. Whereas their work depends 
heavily on Dade’s character theory of blocks with cyclic defect groups [5], 
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the proofs of this article are purely ringtheoretical and avoid decomposition 
numbers and characters. On the other side, several results of Gabriel’s 
article [8] suggest that their theorems extend to blocks with cyclic defect 
groups over arbitrary fields. 
In the first four sections, subsidiary results for the proof of Theorem 10.1 
are restated or proved. In Section 1, the fundamental relations between 
the Brauer and Green correspondences are repeated and some recent results 
[12] and an unpublished theorem of Green are stated. Section 2 collects 
the required knowledge on uniserial algebras. In Section 3, a new lemma 
on defect groups of arbitrary blocks is proved that is useful for the study 
of the (Jacobson) radical J of a block ideal B. Section 4 contains the definition 
of the inertial index of a block. In Section 8, a general criterion is given 
for determining the source of an indecomposable FG-module with cyclic 
vertex (Proposition 8.1). The other five sections are concerned with the 
proof of the Main Theorem. 
Theorem 10.1 is easily proved for blocks with cyclic normal defect groups D 
(Proposition 5.1). Therefore, in general, it is true for the block B1 e, e, = 
a,(e) of FH, and one would like to study the Green correspondence f between 
the indecomposable FG-modules of B and the indecomposable FH-modules 
of B, . However, this is not easy, because X = {D n Do 1 g E G, g $ H} # 1 
in general. Therefore, f is factorized. Let Y # 1 be the socle of the cyclic 
defect group D of the block B f+ e of FG, and let N be the normalizer 
of Y in G, N = N/Y, ij = D/Y and R = H/Y. By Brauer’s first Main 
Theorem on blocks, there is a unique block B, t--) e2 = or(e) of FN with 
defect group D corresponding to B f-) e. The idea of proof is now to consider 
the following diagram of rings 
TN 
1 1 
Tfl 
- - 
%---B,, 
=D 
where rN and rH are the natural epimorphisms FN -+ Fn and FH -+ Ffl, 
respectively. In Sections 6 and 7, it is shown that this diagram is a com- 
mutative diagram of blocks, and that D = D/Y is a defect group of the 
blocks in the second row (Lemma 6.2 and Corollary 7.4). Furthermore, 
it follows that B, is uniserial. Hence, Green’s methods [12] apply, and the 
assertions (a), (b), and (d) of Theorem 10.1 can be proved by induction 
(Proposition 7.3). 
To find the vertices of the simple FG-modules of B (Theorem 10.1(c)), 
in Section 9, the vertices and sources of all indecomposable FN-modules 
of B, are determined (Proposition 9.4). Using Proposition 8.1, this is done 
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by lifting vertices and sources from Ba to B, modulo the nilpotent kernel 
ker 7N of TV . 
Finally, we remark that an easy modification of Peacock’s original work 
[21] shows that the structure theorems of Janusz [14] and Kupisch [15, 161 
for indecomposable FG-modules hold for arbitrary fields. 
Concerning our terminology, we refer to [19] and the books of Dornhoff 
[6], Gorenstein [9], and Lambek [17]. 
1. GREEN AND BRAUER CORRESPONDENCE 
All modules considered in this paper will be unitary right R-modules, 
where the ring R is usually a group algebra R = FG of a finite group G 
over an arbitrary field F of characteristic p > 0. The support of the element 
r = C rgg, g E G, rg EF, is the set sup(r) = {g E G 1 rrr # O}. If n is an 
integer, we say v(n) = a if pa divides 7t, but pa+l + n. 
In this paper, Green’s correspondence theorem ([12, 4.21, proved in [l 11) 
is always applied in the following special case. 
Let B f-t e be a block ofFG with defect group D. Suppose that N is a sub- 
group of G containing No(D), and that X = (D n DQ ( g E G, g 6 N) = 1. 
Then, by Brauer’s first Main Theorem on blocks (see [6]), there is a unique 
block Bl f--) er of FN with defect group D such that B = (B,)G, and for 
every indecomposable nonprojective FG-module U of B, there is an inde- 
composable nonprojective FN-module f(u) of B, and a projective FN- 
module U, such that U, z f (U) @ U,, . f(U) is uniquely determined by U 
(up to isomorphism), U and f(U) h ave a common source, and the map 
U -f(U) defines a one-to-one vertex-preserving map between the iso- 
morphism classes of nonprojective indecomposable FG-modules of B and 
of nonprojective indecomposable FN-modules of B, . f is called the Green- 
correspondence, and it was first applied to the study of blocks with cyclic 
defect groups by Thompson [23]. Furthermore, f(U) is called a Green 
correspondent of U. 
The homological properties of f are studied in Green’s paper [12] to 
which’ we refer frequently. In his lecture at the University of Giessen in 
1974, he also proved 
THEOREM 1.1 (Green). If 0 +- Mc P c Q(M) t 0 is a minimal 
projective resolution of the nonprojective indecomposable FG-module M, then 
M and O(M) have a common vertex. 
Except for Section 9, this paper is independent of Peacock’s paper [21]. 
There we need, in a very special case, his important Theorem 3.9. 
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2. ON UNISERIAL ALGEBRAS 
The study of blocks with cyclic defect groups presented here requires 
the following well-known facts on uniserial algebras. 
The artinian ring B is uniserial, if every indecomposable projective 
B-module U has a unique composition series U > U/ > UJ” > ... > 
UJh-l > 0, where h depends on U. If k denotes the index of nilpotency 
of the Jacobson radical J of B, and if B is also quasi-Frobenius, then there 
are t orthogonal primitive idempotents ai E B such that (up to isomorphism) 
{a$ j s = 0, l,.,., k - 1; i = 1, 2 ,..., t} 
is the set of all indecomposable B-modules. (Uniserial rings are called 
generalized uniserial by Nakayama in [27]. They are also called serial by 
Eisenbud and Griffith in [7].) 
An artinian ring B is of finite module type if and only if B has (up to 
isomorphism) only finitely many indecomposable B-modules. Uniserial 
algebras and blocks B t) e of group algebras FG with cyclic defect groups 
6(B) are well-known examples of artinian rings of finite module type. 
For later use, we restate the following theorem due to Eisenbud-Griffith [7]. 
LEMMA 2.1. Let A be a separable algebra over F. If  E is an extension 
field of F, then A OF E is &serial if and only if A is uniserial. 
We now sketch a proof of another known result. 
LEMMA 2.2. Let A be an indecomposable, separable algebra over the 
splitting field R. If  A has only one simple A-module,1 then A is uniserial if 
and only if A is of finite module type. 
Proof. As A has only one simple A-module A is isomorphic to a ring 
of n x n matrices over a local ring D. If A is of finite module-type, so is D 
by Morita-equivalence. Let J be the radical of D. By Nakayama’s theorem 
(see [26]), D is uniserial if and only if D/J” is uniserial. Hence, we may 
assume Jz = 0. As R is a splitting field for D, and as D is a separable algebra 
over R, the theorem of Wedderburn-Malcev asserts that D = J + R, 
and J n R = 0. Hence, D is commutative. If J is not a simple D-module, 
then dim, J > 2. A straightforward modification of [4, proof of Lemma 64.31 
now shows that D is not of finite module-type. This contradiction proves 
Lemma 2.2. 
1 Throughout this paper this expression must be taken to mean “A has (up to 
isomorphism) only one simple A-module.” 
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As Morita’s paper [20] is not easily accessible, we restate the following 
definitions and results of his article. 
DEFINITION. Let B be an indecomposable artinian ring with Jacobson 
radical J. If there is an integer K > 1 such that every simple B-module M 
occurs exactly K times as a composition factor of B/J, then B is called quasi- 
primarily-decomposable. 
LEMMA 2.3. Let R be an indecomposable artinian ring with Jacobson 
radical J. Then, J = Rx = yR for some x, y E J rf and only sf R is uniserM1 
and quasi-primarily-decomposable. 
This is Theorem 1 of Morita [20]. Another well-known fact (e.g., [20, 
Lemma 11) is 
LEMMA 2.4. Let B be an indecomposable, &serial, symmetric algebra 
with indecomposable projective B-modules U, , U, ,..., U, , Jacobson radical J, 
and simple B-modules V, = Vi/U< J, i = 1,2,..., t. Then, the projective 
modules U, all have the same length and can be ordered such that they have 
the following composition series: 
3. DEFECT GROUPS AND BLOCKS OF DEFECT ZERO 
In this section, we prove the main general lemma of this article. As a 
first application of it, we give a new proof for Brauer’s theorem [l]: A block 
B with defect group S(B) =G D is simple artinian if and only if D = 1. 
LEMMA 3.1. Let B t) e be a block of FG with defect group S(B) =o D # 1. 
Then: 
(a) The set {ed 1 d E D> is linearly independent over F. 
(b) The set {e(l - d) 1 1 # d E D} is linearly independent over F. 
(c) If 1 # d E D has order o(d) = p”, then e(1 - d)p’” = 0, but 
e(l - d)pm-l # 0. 
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Proof. (a) Suppose CdsD f,ed = 0 for some fd E F. Since D is a group, 
we may assume fi = -1 if not all fd = 0. Hence, 
e = c f&ed. 
l#deD 
Thus, for every x E sup(e), there is a y  E sup (e) and a 1 # d E D such that 
x = yd. Since D = 6(B), we may assume that x E C,(D). Hence, 
y  = x&l = d-lx. 
By Osima’s theorem [19, Theorem 5.31, x and y  are p-regular. Thus, d = 1, 
a contradiction. 
(b) follows easily from (a). 
(c) As F has characteristic p, certainly, e(1 - d)p’” = 0. Suppose 
e(1 - d)Bm-l = 0. Then, 
ii (-*I” (2) ed” = 0, 
where R = p” _ 1. 
This easily implies a contradiction to (a). 
We now prove Brauer’s theorem, which in the version stated here, was 
first proved by Hamernik [13]. 
COROLLARY 3.2. Let B ++ e be a block of FG with defect group 6(B) =G D. 
Then, the following assertions are equivalent: 
(a) B is a simple artinian ring. 
(b) The center Z(B) of B is afield. 
(c) D=l. 
Proof. (b) follows at once from (a). Let H = No(D) and Z(D) be the 
center of D. As D is a p-group D = 1 if and only if Z(D) = 1. Let u be 
the Brauer homomorphism from FG to FH with respect to D. Then, by 
Brauer’s first Main Theorem, b f--) o(e) is a block of FH with defect group 
S(b) = D CI H. By Lemma 3.1 
0 fy = c a(e)dEbnZ(FH), 
&Z(D) 
because Z(D) Q H. As Caoz(D) d is nilpotent if and only if Z(D) # 1, 
it follows that y  is nilpotent if and only if D # 1. By [19, Lemma 4.11(a)], 
there is an element 0 # x E Z(B) such that y  = u(x). Since Z(B) is local, 
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it follows that y is nilpotent if and only if x is nilpotent. This completes 
the proof of the equivalence of (b) and (c). 
As the vertex of any simple FG-module M of B is contained (up to 
conjugacy) in D (see [6, Theorem 54.101) (c) implies (a). 
To state the next lemma, we repeat a standard definition: If D is a p-group, 
then the augmentation ideal COD of FD is the kernel of the trivial repre- 
sentation of D. 
The following lemma is due to Hamernik [13]. Its proof easily follows 
from [19, Theorem 8.31 and Corollary 3.2. 
LEMMA 3.3. Let B ct e be a block of FG with normal defect group D. 
If J(B) is the Jacobson radical of B, then 
J(B) = e(wD)FG. 
4. INERTIAL INDEX OF A BLOCK 
In this section, we generalize Brauer’s notion of the inertial index of a 
block (see [2, p. 5081 to get this concept for group algebras over arbitrary 
fields. 
The following definitions and lemmas are well known. 
DEFINITION. Let K be a normal subgroup of G, and let b ++f be a 
block of FK. Its inertial subgroup is 
To(b) = {.z E G I g-V2 = f>- 
If U is an indecomposable FK-module, then its inertial subgroup is 
To(U) = {g E G I U OFKg ZFK u.J. 
LEMMA 4.1. Let K be a normal subgroup of G, and let b f-) f be a block 
of FK with only one simple F&C-module M. Then: 
(4 TO(M) = To(b)- 
(b) If b is also uniserial, then To(U) = T,(b) for every indecomposable 
FK-module U of b. 
Proof. (a) is trivial, and (b) follows from the fact that two indecomposable 
FK-modules U and V with equal composition length are isomorphic by 
Lemma 2.4. 
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LEMMA 4.2. Let B c-) e be a block of FG with defect group D. Let H = 
No(D), K = DC,(D), and let o be the Brauer correspondence between FG 
and FH. Let B, f--) e, = u(e). Then: 
(a) The block B, +-+ e, of FH has defect group D and is uniquely deter- 
mined by B. 
(b) There exists (up to conjugacy in H) a uniquely determined block 
b t) f  of FK with defect group D having only one simple FK-module M such that 
(a) T = T,(M) = T,(b) 
(8) 6 = Cf=,fY where {gj E H [ j = 1, 2,..., h) is a transversal 
of T in H. 
(c) MT = M gFKFT is a completely reducible FT-module. 
(4 Y M, , Mz ,...I M, are the nonisomorphic composition factors of the 
FT-module MT, then there are integers vi such that 
and every simple FT-module M; , i = 1, 2,..., t, belongs to the block b’ = fFT 
of FT. 
(e) (Vi = Mi OFT FH} is the set of all nonisomorphic simple FH- 
modules of B, . 
Proof. Part (a) is a restatement of Brauer’s first Main Theorem on 
blocks. (b) holds by [19, Theorem 7.4, Lemma 8.21. 
(c) Clearly, b’ = fFT is a block of FT with defect group D, and D 
is normal in T. If  J(b’) is the Jacobson radical of b’, then ](b’) = f  (wD) FT 
by Lemma 3.3. Hence, 
MTJ(b’) = M @rKFTf(uD)FT = Mf(wD) OFT = 0, 
because M is a simple FK-module. Therefore, MT is completely reducible, 
since MTf = MT. 
(d) From (c) follows 
for some nonisomorphic simple FT-modules Mi , i = 1,2,..., t, and integers 
vg >, 1. Because of Mrf = MT, each Mi belongs to b’ = fFT. 
(e) is a well-known consequence of Clifford’s theorem, and [6, 
Lemma 68.71. 
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DEFINITION 4.3. Let B t+ e be a block of FG with defect group D. 
Then, the integer t occurring in Lemma 4.2 is an invariant of B, because 
it is uniquely determined by B. The inertial index of B is the number t, 
i.e., the inertial index t of B equals the number of nonisomorphic simple 
FH-modules of B, . 
LEMMA 4.4. Let B t+ e be a block of FG with cyclic deject group D and 
inertial index t. Then, with the notation of Lemma 4.2, the following assertions 
hoEd: 
(a) vi=v,foralli=1,2 ,..., t. 
(b) If ki is the multiplicity of the simple FK-module M in the simple 
FT-module Mi, Ei = End,r &Ii, and E = End,KM, then 
(a) v(& ki) = h = / T : K 1, 
(8) v2(&, dim, Ei) = h dim, E. 
Proof. (a) Since J(U) = J(b) FT, it follows that b’/J(b’) = 6 gFKFT, 
where 6 = b/J(b). As & is simple artinian, there is an integer s > 1 such 
that 6 = IMa as FK-modules. Hence, 
(“> b’/J(b’) s MS aFKFT g (MT), as FT-modules. 
Since D is cyclic and normal in T, J(b’) is a principal one-sided ideal of 
FT by Lemma 3.3. Therefore, Lemma 2.3 implies that the multiplicity 
mi of the simple FT-module Mi in b’/J(b’) is constant, i.e., that mi = m 
for i = 1, 2,..., t. Hence, (*) and Lemma 4.2(d) assert m = vis for all 
i = 1, 2,..., t, and (a) holds. 
(b) Let n = dim, M and h = 1 T : K 1. Then, from (a) and (*) 
follows 
which implies (a). By the theorem of Artin-Wedderburn and (*) we have 
snh = m2 ~~Idl;mE6)=hrad~mE. 
Since m = vs, (/3) also holds. 
Remark 4.5. By Lemma 4.4 and the following result, it is obvious 
that Definition 4.3 coincides with Brauer’s notion of the inertial index 
of a block B [2, p. 5081 in case F is a splitting field for G and its subgroups, 
and 6(B) is cyclic, because v = I, and so t = h = 1 T : K I. 
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However, for arbitrary fields F, in general, w # 1. For, let G = {a, b 1 
u6 = 1, ba = 1, ub = a”} be the dihedral group of order 12, F = GF(2) 
the field with two elements. Then, e = us + d’ is a block idempotent 
of FG with defect group S(e) = (us) of order two, K = (a) and T = G. 
Furthermore, e is primitive in FK, but it splits in FG into the orthogonal 
primitive idempotents x1 = 1 + c-82 + ub + u3b, x2 = 1 + a4 + ub + db 
of B = eFG. Hence, w = 2, because G is 2-nilpotent [18, Theorem 3.71. 
The following result is due to Dade [5, p. 311. 
PROPOSITION 4.6. Let R be a splitting field for the finite group G and 
its subgroups. Suppose B ts e is a block of RG with cyclic normal defect group D, 
and K = Co(D). If b f-) f is a block of RK with defect group D such that 
G = T,(b), then the following assertions hold: 
(a) b bus only one simple FK-module M. 
(b) p + 1 G : K / = h, and G/K is cyclic. 
(c) Z = End&M BRK RG) is commutative, semisimple, and dim, Z = 
h = t, where t is the inertial index of B. 
Proof. (a) holds by Lemma 4.2. As R is a splitting field for G, p -+ 1 G : K 1 
by [19, Lemma 7.51. Hence, G/K is cyclic by [25, p. 1461. (c) follows from 
Lemma 4.4 and Dade’s argument [5, p. 31, footnote]. 
5. BLOCKS WITH NORMAL CYCLIC DEFECT GROUPS 
Using the results of the preceding sections, it is now easy to prove the 
Main Theorem for the special case of normal defect groups. 
PROPOSITION 5.1. Let B t+ e be a block of FG with normal cyclic defect 
group D = (x) and inertial index t. Then: 
(a) The Jacobson radical J of B is a principal one-sided ideal, i.e., 
] = e(1 - x)FG = FG(I - x)e. 
(b) B is uniseriul and quasi-primarily decomposable. 
(c) B has t nonisomorphic simple FG-modules Mi . 
(d) Each simple FG-module Mi of B has vertex D. 
(e) There are t orthogonal primitive idempotents ui E B such that 
{a{(1 - x)jFG 1 i = 1, 2 ,..., t; j = 0, 1, 2 ,..., 1 D 1 - 1) 
is (up to isomorphism) the set of all indecomposuble FG-modules of B. 
(f) t diwides p - 1. 
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Proof. (a) follows at once from Lemma 3.3. Hence, (b) holds by Morita’s 
theorem (Lemma 2.3). (c) is a restatement of Lemma 4.2(e). Statement 
(e) is easily proved by means of (a), (b), and (c) and Lemma 3.1. Thus, 
each simple FG-module Mi of B is of the form 
n/ri E ai( 1 - @r-l FG, where Q = [ D 1, i = 1, 2 ,..., t. 
Hence, (1 - x)*-l FD is a source of Mi , because 
(1 - .)g-l FG = aJ1 - x)R-~ FG @ (1 - ai)(l - ~)g-l FG. 
By Green [lo], therefore, D is a vertex of Mi for i = 1,2 ,..., t. 
(f) If D has order 1 D 1 = p, then (f) holds by Lemma 2.4. Suppose 
1 D 1 # p. Then, let Y be the subgroup generated by .a+‘. As Y is a charac- 
teristic subgroup of D, it is normal in G. Therefore, FG/Y is a symmetric 
algebra, and D/Y has order p. From (e) we then deduce 
u~FG/u~( 1 - X) i;C e ai( 1 - ~)‘-l FG/u<( 1 - x”) FG, i = 1, 2,..., t 
and the composition length of aiFG/ui(l - x)pFG equals p. Hence, t 
divides p - 1 by Lemma 2.4. 
6. BLOCKS OF FACTOR GROUPS MODULO ~-GROUPS 
In this section, we provide a useful tool for the induction argument of 
the proof of the Main Theorem. 
LEMMA 6.1. Let B H e be a block of FG with normal cyclix defect group D, 
and let 1 # Y $ D be a normal subgroup of G. Let G = G/Y and r be the 
natural epimorphism from FG onto Fe. Then, r(e) is a block idempotent of FG 
with defect group 6(7(e)) = D/Y. 
Proof. If D = (x), then Y = (xPL) for some 1 < pk < 1 D /. The kernel 
of 7 is ker T = e(wY)FG. Therefore, ker 7 is a nilpotent ideal of FG. If t 
is the inertial index of B, then, by Proposition 5.1, there are t primitive 
idempotents ua E B such that ui = T(a,FG) = z~F~, i = 1, 2,..., t, is a full 
set of nonisomorphic projective indecomposable FG-modules of B = T(e) FG. 
As B is uniserial by Proposition 5.1, and as B is a symmetric algebra, another 
application of Lemma 2.4 shows that all FG-modules vi , i = 1,2,. .., t, 
are linked. Hence, B is a block ideal of Fe. 
Let 4 be the defect group of the block idempotent T(e). Then, a standard 
argument [19, Proposition 7.2, Lemma 8.2, and Theorem 6.111 shows that 
D1 = D[Y. 
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LEMMA 6.2. Let B t--) e be a block of FG with cyclic defect group D. Let 
1 # Y_+< D be a normal subgroup of G. Let e = G/Y, H = No(D), &? = 
H/Y, D = D/Y, and let To and rH be the canonical epimorphisms from FG 
onto Fc and f;om FH onto Fi7, respectively. If ag and a~ denote the Brauer 
homomorphisms from ZFG into ZFH and from ZFi= into ZFff, respectively, 
then, the following assertions hold: 
(a) Y < C,(x) for all x E sup(e). 
(b) wGte) = 7++9- 
(c) If B is uniserial, then rG(e) is a block idempotent of Fe with defect - 
group 8(7,(e)) =G D. 
Proof. (a) follows at once from [19, Lemma 9.21. 
(b) Suppose x = XY E sup ubTG(e), where x E sup(e). Let K = xc 
and K = fG. By Osima’s theorem [19, p. 4671, x is a p-regular element 
of G. Using [19, Lemma 4.41 and the definition of the Brauer homomorphism, 
it is easy to see that D = D/Y is p-Sylow subgroup of CR(K). Thus, K 
has defect group S(K) =c D by [19, Lemma 4.81. Therefore, x E No(D). 
By (a), 1 # Y < C,(x). Hence, XE C,(D) by Gorenstein [9, p. 178, 
Theorem 2.41 and K has defect group S(K) = D. 
Conversely, if S(K) = D, then S(R) = D by [19, Lemmas 8.1 and 4.81. 
Hence, 
X = XY E sup ubTG(e). 
Now, let y  E sup(e), let V = yG, and let c be the class sum of V in FG. 
Since Y < C,(y), it follows that Y < S(V) Gc D. Hence, by [19, Lemmas 
8.1 and 4.81, THUG # 0 if and only if S(V) =G D. Therefore, J = 
yY E sup THUD(e) if and only if S( V) =G D. Thus, sup THug(e) = sup obTo(e). 
Let f  = XY E sup uDTG(e), where x E sup(e). Then, D is a p-Sylow 
subgroup Of c,(x). 
By Sylow’s theorem / Co(x): No(D) n Co(x)/ = 1 mod(p). Hence, 
1 C,(x): C,(x)] E 1 mod(p). As B = D/Y is a p-Sylow subgroup of Cc(f), 
similarly, 1 Cc(%): C,(Z)/ = 1 mod(p). Since 
1 G : cG(x)l I G : H I / H : C,(x)\ I ‘%(a) : C&9 = 
1 e : c&q 1 e : g 1 / R: cj+)/ 1 c,(x) : c,(x)1 ’ 
it follows that 
1 G : cc(x)1 = 1 If : cfdx)l mod(p). 
j G : Cc(X)] I H : G&Y 
Hence, [19, Lemma 4.41 and the definition of the Brauer homomorphism 
imply that ubTG(e) = 7,0,(e), which completes the proof of (b). 
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(c) By Lemma 6.1, THUD(e) is a block idempotent of FR with defect 
group D. Since B is assumed to be uniserial again (as in the proof of 
Lemma 6.1), Lemma 2.4 implies that To(e) is a block idempotent of G. 
Applying (b) and Brauer’s first Main Theorem on blocks, it follows that 
8(,,(e)) =G D. This completes the proof of Lemma 6.3. 
Remark 6.3. In Section 7, it is shown that the hypothesis of Lemma 6.2(b) 
is always satisfied, i.e., that B is uniserial. 
7. THE NUMBER OF INDECOMPOSABLE MODULES 
If B H e is a block of FG with cyclic defect group D and inertial index t, 
then, in this section, it is shown that B has precisely t simple FG-modules 
and t 1 D 1 indecomposable FG-modules. Before we can prove this result, 
we need the following 
LEMMA 7.1. Let B H e be a block of FG with arbitrary defect group D. 
Suppose that E is an extension j;eld of F and that e = e, + e, + ..’ + e7 
is a block decomposition of e in EG such that each block B, c-t ei of EG, 
i = 1, 2,..., Y, has only one simple EG-module, then also, B t+ e has only 
one simple FG-module. 
Proof, Using the method of proof of [18, Corollary 3.61, Lemma 7.1 
follows easily. 
The proof of the Main Theorem also requires the following special case 
of an important theorem of Green [12, Theorem 6.41. 
LEMMA 7.2. Let B t) e be a block of FG with cyclic defect group D. 
Suppose 1 f Y < D is the minimal subgroup of D, N = No(Y), and B, t+ e, 
is the unique block of FN with defect group D corresponding to B t-, e under 
the Brauw correspondence between FG and FN. If BI is u&serial and has 
t simple and t 1 D / indecomposable FN-modules, then also, B has t simple 
and t 1 D I indecomposable FG-modules. 
Proof (Green [12]). As X = {D n Dg 1 g E G\N) = 1 the correspondence 
theorem of Green (see [12, Theorem 4.21) asserts that B and BI have the 
same number of nonisomorphic indecomposable modules. Hence, B has 
t 1 D 1 indecomposable FG-modules. 
Since BI is assumed to be uniserial, the proof of [12, Theorem 6.41 is 
also valid for group algebras over arbitrary fields. Hence, B has t simple 
FG-modules. 
BLOCKS WITH CYCLIC DEFECT 39 
PROPOSITION 1.3. Let B t) e be a block of FG with cyclic defect group D 
and with inertial index t. Then, the following assertions hold: 
(a) B has t nonisomorphic simple FG-modules. 
(b) B has t I D I nonisomorphic indecomposable FG-modules. 
Proof. Certainly, this result is true for G = 1. Suppose it has been 
shown for all groups with order less than ( G j. 
If 1 D / = p, then let H = N,(D) and B, t--) e, = u(e) be the block 
of FH with defect group D corresponding to B +-+ e under the Brauer 
correspondence g. By definition, B, has inertial index t also. Therefore, 
BI is uniserial and has t \ D 1 indecomposable and t simple FH-modules 
by Proposition 5.1. Thus, Lemma 7.2 applies, and Proposition 7.3 holds 
for cyclic defect groups D of order p. 
Therefore, we may assume that j D 1 > p. Let 1 # Y # D be a proper 
subgroup of D, let C = Co(Y), and let N = No(Y). The proof of Proposition 
7.3 now requires us to consider two cases. 
Case 1. I f  G = C, then B is uniserial and has only one simple and 1 D 1 
indecomposable FG-modules. 
Proof. Again let H = No(D) and let (I = ao be the Brauer corre- 
spondence between FG and FH. Let B, tf f  = u(e) be the block of FH 
with defect group D corresponding to B under u. If K = Co(D), then 
by 119, Proposition 7.21, there are block idempotents fj EFK, i = 1,2,..., s, 
with defect group S(f,) = D such that 
To show that B, t--f f  has only one simple FH-module, we may assume 
that F is algebraically closed by [19, Lemmas 7.1 and 12.91. 
Let T = {h E H ( fi” = fi}. Th en, [19, Proposition 7.2(c)] asserts that 
p + 1 T : K j. Hence, T/C,(D) is a p’-group of automorphisms of D fixing 
Y and, therefore, the socle 52,(D) of D elementwise. Thus, T = C,(D) 
by Gorenstein [9, p. 178, Theorem 2.71. Therefore, s = t = 1 by Proposi- 
tion 4.6, and BI has only one simple FH-module over any field F. 
Let G = G/Y, i? = H/Y, zi = D/Y, and let ro and 7H be the canonical 
epimorphisms FG + Fc and FH -+ FR, respectively. As Y is a subgroup 
of the center of G, [19, Lemma 8.21 asserts that To(e) is a block idempotent 
of Fe with defect group B. By Lemma 6.2(b), aDTo = THUD(e) = TH(f). 
Since by Lemma 6.1, T(B,) is a block of Fff with defect group D and inertial 
index one, Brauer’s first Main Theorem on blocks and Lemma 4.2 imply 
that B = To(e) Fe is a block of Fc with defect group D and inertial index 
one. As 1 G 1 < 1 G (, it follows by induction that B has only one simple 
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FG-module and 1 D / indecomposable F&modules. Clearly, ker +-o n B = 
e(wY)FG is a nilpotent ideal of B. Hence, B has only one simpleFG-module. 
From [19, Lemma 12.91 and Lemmas 2.1 and 2.2, it follows now im- 
mediately that B is uniserial. Hence, B is a uniserial symmetric algebra 
with j D 1 indecomposable modules. If J d enotes the Jacobson radical of B, 
then 
Jq = ker 76 n B = e(wY), where q = IDi. 
Thus, Lemma 3.1 asserts that 
JIDI = J”lYl = e(wy)lf’lFG = 0, but Jl”l-l # 0. 
Hence, B has 1 D 1 indecomposable FG-modules. This completes the proof 
of Case 1. 
Case 2. If G = N = N,(Y), then the following assertions hold: 
(a) B has t nonisomorphic simple FG-modules. 
(b) B has t / D 1 nonisomorphic indecomposable FG-modules. 
(c) B is uniserial. 
Proof. Clearly, C = C,(Y) is a normal subgroup of G. By Lemma 6.2(a), 
Y < C,(x) for every x E sup(e). Therefore, e EFC. Thus, 
e =fi t-f2 + 1-s +fs, 
for some G-conjugacy class of blocks b, t) fi of FC with defect groups 
6(bi) =o D n C,(Y) = D for i = 1, 2 ,..., s by [19, Lemma 6.2 and 
Theorem 6.1 l(c)]. Applying Case 1, we obtain that each of the blocks 
bi e, fi is uniserial, and has one simple and j D j indecomposableFC-modules. 
To show that B is uniserial, we may assume by [19, Lemma 12.91 and 
Lemma 2.1 that F is a splitting field for G. Therefore, Fong’s theorem 
[19, Theorem 6.1 l(e)] asserts 
4 CD I) = 4 C I) = 4 Tdfi)l), 
where T = T,(f,) is the inertial subgroup of fr in G. Hence, p + 1 T : C /. 
If J(4) denotes the radical of bI t) fi , then the radical J(b,‘) of the block 
b,’ = fiFT of FT is J(b,‘) = J(4) FT by [19, Theorem 11.81. Since bI 
is uniserial and has only one simple FC-module, Lemma 2.3 asserts that 
J(b,) is a principal one-sided ideal of FC. Hence, J(b,‘) is a principal one- 
sided ideal of FT, and the block b,’ of FT is uniserial by Lemma 2.3. Using 
[24, Proposition 21 of Ward, and Lemma 4.1, it is now easy to see that 
VG = V OFT FG is an indecomposable uniserial (irreducible) FG-module 
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of B whenever V is an indecomposable (irreducible) FT-module of 4’. 
Since B has defect group D, every indecomposable FG-module W of B 
is D-projective. As C = C,(Y) > D, there is a component V of W, such 
that We VG as FG-modules. Therefore, B is uniserial for every field F. 
Since 1 # Y is a normal subgroup of G and B is uniserial Lemma 6.2(c) 
asserts that ho is a block idempotent of FG with defect group D = D/Y. 
Since B n ker r6 is a nilpotent ideal of B, both rings B and B have the same 
number s of simple modules. By Lemma 4.2 and Lemma 6.1, the blocks 
a,(e) FH and THUD(e) FE have the same number t of simple modules, where 
t denotes the inertial index of B. As 1 G / < 1 G 1 Lemma 6.2(b) now asserts 
that s = t by induction, which proves (a). As Y is normal in G, one proves 
assertion (b) as in Case 1. 
The proof of Proposition 7.3 is now easily completed. Let Y be the socle 
of D, N = No(Y) and let ur be the Brauer correspondence between FG 
and FN. Then, B, t) e, = u,(e) is the unique block of FN with defect 
group D corresponding to B t--f e under the Brauer correspondence. Since 
N > H = N,(D), the blocks B and B, have the same inertial index t 
by Lemma 4.2. Thus, Case 2 applies, and B1 is uniserial, and has t ) D 1 
indecomposable and t simple FN-modules. Therefore, Lemma 7.2 completes 
the proof of Proposition 7.3. 
Because of its importance, we state the following corollary of Proposi- 
tion 7.3 strengthening Lemma 6.2. 
COROLLARY 7.4. Let B t+ e be a block of FG with cyclic defect group D 
and inertial index t. If 1 # Y < D is a normal subgroup of G, then the following 
assertions hold: 
(a) B is uniserial. 
(b) Each indecomposable, projective FG-module U of B has composition 
length 1 D/. 
(c) If G = G/Y, and if ho denotes the natural epimorphism FG + FG, 
then To(e) is a block idempotent of FG with defect group 8(7,(e)) =G D = D/Y. 
(d) B has t nonisomorphic simple FG-modules. 
Proof. The proof follows at once from Proposition 7.3 and Lemma 6.2. 
Proposition 7.3 also implies the following result, which in the special 
case of splitting fields is due to Feit (see [12, Remark 6.5(a)]. 
COROLLARY 7.5. Let B f-) e be a block of FG with cyclic defect group D 
of order ( D 1 = q and inertial index t. Suppose 1 # Y < D is the minimal 
subgroup of D, N = No(Y), and B, e-t e, is the unique block of FN with 
defect group D corresponding to B +-+ e under the Brauer correspondence uy . 
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Let Vj , j = 1, 2 ,..., t, be a full set of nonisomorphic simple FG-modules of B. 
Then, the Green correspondents f ( Vj) of Vj in BI have composition length 
either Z(f(V,)) < t or Z(f(V,)) 2 q - t. 
Proof. Let YE { Vj 1 j = I, 2 ,..., t}, S = End,,(V), and let T = 
End,, f (V), where f  denotes the Green correspondence between the inde- 
composable FG-modules of B and the indecomposable FN-modules of BI . 
As X = (D n Dg 1 g E G\N} = 1, [12, Theorem 4.21 asserts thatf is bijective. 
If P denotes the set of all projective endomorphisms OL E T, then P is a 
two-sided ideal of T by [12, Lemma 2. l] of Green. Since f (V) is not projective, 
P is contained in the Jacobson radical J of T. By [12, Theorem 4.4(a)] of 
Green, Sz TIP. Hence, P = J, which is a contradiction to the following 
lemma, which applies because B, is uniserial by Corollary 7.4. 
LEMMA 7.6. Let B t) e be a &serial block of FG with cyclic defect group 
D of order / D 1 = q and inertial index t. Suppose U is an indecomposable, 
nonprojective FG-module belonging to B with composition length t < l(U) < 
q - t. 
Then, End,,(U) contains a nonprojective nilpotent endomorph&n (Y # 0 
of u. 
Proof. Let Vj , j = 1, 2 ,..., t, be a full set of nonisomorphic simple 
FG-modules belonging to B. Suppose Vi , i E (1, 2,..., t}, is the socle of U, 
and k = Z(U) has the form k = mt + r, where m, r are natural numbers 
satisfying (t, r) = 1 or r = 0. Then, by Lemma 2.4 (and its notation) 
the composition series of U has the form: U: V,, ,..., Vi-I , Vi ,..., VieI, 
vi 9 vi+l Y*.., Viwl , Vi , where either h = i - (r - 1) or h = t - (r - i - 1). 
By Lemma 2.4, U has a projective resolution 
where U, is the corresponding indecomposable projective FG-module of 
Lemma 2.4. Then, K has composition length Z(K) = q - mt - r. 
Let 2 be the unique submodule of U having composition length l(Z) = t, 
and let OL be the natural epimorphism U -+ U/Z. Then, by Lemma 2.4, 
OL may be considered as an endomorphism of U, and ~+l = 0. Furthermore, 
OL # 0, because l(U) > t. 
If 01 were a projective endomorphism of U, then by [12, Lemma 3.11 
of Green there is a p E Horn&U, U,J such that OL = TP). Since U,, is 
uniserial and 01 # 0, it follows that a(U) = q(U)/K. Hence, Z(dU)) = 
(m - I)t + r + l(K), which implies 
Z(kerv) = Z(U) - l(cp(U)) = t - Z(K) = (m + I)t + r - q. 
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If d is the defect of B, then q = pa by Proposition 7.3, because B is uniserial. 
Hence, Proposition 51(f) asserts that q = or + 1 for a natural number w 3 1. 
Therefore, 0 < Z(ker ‘p) = (m + 1)t + Y - (e)t) - 1 implies m + 1 > v. 
By hypothesis, Z(U) = mt + Y < q - t = (e, - 1)t + 1. Hence, m < w - 1, 
which implies m = w - 1, and Z(U) = (V - 1)t + Y < (w - 1)t + 1. 
Therefore, Y = 0, and 
O<Z(kerv)=vt--t-1=-1, 
a contradiction. Thus, OL # 0 is a nonprojective endomorphism of U. 
8. INDECOMPOSABLE MODULES WITH CYCLIC VERTICES 
In this section, it is shown that every indecomposable FG-module M 
with cyclic vertex is isomorphic to a principal right ideal of FG. The results 
presented here are independent of the structure of the defect groups 6(B) 
of the block B to which M belongs. In particular, it is not assumed that 
6(B) be cyclic. 
PROPOSITION 8.1. Suppose D = (d) is a vertex of the indecomposable 
FG-module U # 0. Then, W = (1 - d)” FD is a source of U ;f and on@ 
if (p, k) = 1, and there is an idempotent 0 # a = a2 E FG such that the 
following conditions are satisjied: 
(a) U z a( 1 - d)” FG as FG-modules, 
(b) aFG is isomorphic to an injective hull E(U) of U, 
(c) (1 - d)“FG = a(1 - d)kFG @ (1 - a)(1 - d)“FG. 
Furthermore, k > 1 is uniquely determined by U. 
Proof. Let W = (1 - d)k FD be a source of U. Then, (p, k) = 1 and 
U 1 WG by Green [lo]. Since FG is a flat FD-module 
WC = (1 - d)“FD BFDFG s (1 - d)kFG = V. 
Thus, U may be assumed to be a right ideal of FG contained in V. Further- 
more, 
t*> V = U @ C, for some right ideal C of FG. 
As FG is self-injective there is an idempotent 0 # e, = va EFG such 
that E(V) = wFG is an injective hull of I’, and V = oV. Therefore, (*) 
implies the existence of injective hulls E(U) of U and E(C) of C contained 
in E(V) such that E(U) > U, E(C) >, C, and E(U) n E(C) = 0. Hence, 
wFG = E(V) = E(U) @ E(C). 
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Thus, there are orthogonal idempotents a E E(U) and c E E(C) such that 
w = a + c, E(U) = aFG, and E(C) = cFG. In particular, (b) holds. 
Clearly, U = aU and C = CC. From (*) now follows that 
V=vV=v(U+C)<vaU+vcC=aU$cC, 
which implies aV < aU < aV. Hence, U = aV = a( 1 - d)” FG, and (a) 
holds. Clearly, w = aw + (1 - a)w for every w E V. Thus, aV < V 
implies V = aV @ (1 - a)V, which proves (c). 
Conversely, if U and D = (d) satisfy the conditions (a), (b), and (c), 
and (p, K) = 1, then W = (1 - d)” FD is a source of U. Since D is cyclic 
the uniqueness of K follows from Green [lo, p. 435, Theorem 51. This 
completes the proof of Proposition 8.1. 
9. VERTICES AND SOURCES IN CERTAIN UNISERIAL BLOCKS 
In this section, the tools for the proof of the third part of the Main 
Theorem are provided. If B f-t e is a block of FG with cyclic defect group D, 
if Y is the socle of D and N = No(Y), then the vertices and sources of the 
indecomposable FN-modules of the block BI f-) e, = oY(e) of FN are 
determined, where cry denotes the Brauer correspondence between the 
blocks of FG and FN. 
LEMMA 9.1. Let D = (x) be a cyclic p-subgroup of G containing a normal 
subgroupY#lofG.LetG=G/Y,D=D/Y,l<j<IDI,andletr 
be the natural epimorphism FG ---f FG. 
I f  0 # a = a2 is a primitive idempotent of a uniserial block B tt e such 
that a = ci(l - xy FG has vertex D and source W = (1 - x)j FD, then 
U = a(1 - x)* FG is an indecomposable FG-module of B with vertex D and 
source W = (1 - x)j FD. 
Proof. By Lemma 2.4, i7 is an indecomposable Fc-module of the 
uniserial block B = T(B). Hence, tiFc is an injective hull of i7. Therefore, 
Proposition 8.1 applies, and we may assume that (p, j) = 1, and 
(*) (1 - %)jFG = ~(1 - x)jFG @ (1 - a)(1 - z)jF~?. 
Since B is uniserial, P = aFG is an injective hull of U = a(1 - x)iFG. 
Because of 1 <j < 1 D I, we have kerr = (wY)FG < (1 - x)iFG. As 
ker T is a two-sided ideal of FG, it follows that 
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From (*) we deduce 
(1 - x)jFG = a(1 - x)jFG + (1 - a)(1 - x)j FG + ker 7. 
which implies 
(**) (1 - x)iFG = a(1 - x)jFG @(l - a)(1 - x)jFG. 
Therefore, U is D-projective. If  D, > Y is a vertex of U, then using 
Proposition 8.1, it is easy to see that D = D/Y < DJY. Hence, D, = D, 
and D is a vertex of U. Because of (**), Proposition 8.1 then asserts that 
W = (1 - x)j FD is a source of U, because (p, j) = 1. 
LEMMA 9.2. Let B t--) e be a block of FG with cyclic defect group D = (x) 
of order / D / = q and inertial index t = 1. Let 1 # Y < D be a normal 
subgroup of G with order 1 Y] =p, G = G/Y, D = D/Y, ID\ = q, and 
let 7 be the natural epimorphism FG --+ FG. 
Suppose that J is the radical of B and that there is a primitive idempotent 
a of B such that the following conditions hold: 
(a) (i7j = l?iJj lj = 1,2,..., q - 1) is a full set of nonisomorphic non- 
projective indecomposable F&nodules of B = r(e) FG. 
(/I) Qv(~) = (Xpy”)) is a vertex of CJj for j = 1, 2 ,..., p - 1. 
(y) There exists a permutation rr of (1, 2,..., q - l} such that v(j) = 
~(z(j))und Wj = (1 - f”“‘ir)k(j)FDV(I) isasourceof ujforj = 1, 2,..., q - 1, 
where k(j) = p-V%(j). 
Then, the following assertions hold: 
(a) (Ui = up /j = 1, 2,..., q - l} is a full set of nonisomorphic non- 
projective indecomposable FG-modules of B. 
(b) DVCj) = (xP”‘~‘) is a vertex of Uj for every j = 1, 2 ,..., q - 1. 
(c) There exists a permutation h of {I, 2,..., q - 1) such that v(j) = 
v(h( j)) and W, = (1 - x pY”‘)‘i(j)FD,(j,isasourceof U,forj = 1,2,...,q - 1, 
where k(j) = p-+)A( j), and the permutations Z- and h have equal orders. 
Proof. As t = 1, the block B has only one simple FG-module by 
Proposition 7.3, and B is uniserial by Corollary 7.4. Hence, there is a 
primitive idempotent a of B such that {Uj = afj 1 j = 1, 2,..., q - l} is a 
full set of nonisomorphic nonprojective indecomposable FG-modules of B. 
By Corollary 7.4 and Lemma 6.2, we may assume that a = ~(a), / = T(I), 
and that the modules gi = Z? satisfy the conditions (a), @), and (r). 
Since B is uniserial, uFG is the injective hull of Uj for every j. 
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For 1 ,( j < p = ; D (, the group Dytj) is a vertex and Wj = 
(1 - xp ““‘)k-(i) FD,(,, is a source of Uj by Lemma 9.1, where K(j) = pm y%(j). 
Since (1 - x~““‘)~(~) FDyu) @ FD,Cj) FG z (1 - x)~(~J FG, Proposition 8.1 
asserts that for every 1 < j < p, there exists a primitive idempotent aj of B 
such that 
(1 - ~)~(j) FG = aj( 1 - x)n(j) FG 0 (1 - aj)(l - x)*(j) FG, (1) 
Uj = aJj s aj(l - ~)~(j) FG. (2) 
Ifj = q, then Y = ( x 3 ’ is a normal subgroup of G with order 1 Y j = p. As 
(1 - x)“FG = (wY)FG = ker T 
is a two-sided ideal of FG, it follows that (1) and (2) also hold for j = H 
with a, = a and V’(I) = q. Hence, lJ, = aJ* is Y-projective. Since U, is 
not projective, Y = Dvfg) is a vertex of U, , and W, is a source of UQ. 
If j > 4, then there are uniquely determined integers 1 < II ,< 4 and 
1 < w < p - 1 such that j = 4 - u + p(p - v). Now, define the permuta- 
tion A of (1, 2,..., q - I} by h(j) = n(j) for 1 <j G q - 1, /\(q) = q, 
and X(j) = q(p - V) rr(p - U) for j > q. Hence, v(j) = v(h(j)) for j = 
1, 2,.. .) q - 1. 
Since J” = e(1 - x)“FG, it follows from 
uj = aJi = (aJg-“) Jg(P--.V) = a$-“e(l _ x)~(P-~)FG, 
and from (1) and (2) that 
lJj = aJi z aj(l - ~)~(j) FG, (3) 
(1 - ~)~(i) FG = a$( 1 - ~)~(j) FG 0 (1 - ai)( 1 - ~)~(j) FG, (4) 
where ai = apeu . Therefore, Vi = aJi is D,(i,-projective for every j = 
1, 2 ,...) q - 1. 
We claim that Wj has vertex DVb) for every j = I,2 ,..., q - 1. Thus far, 
this has been shown for j = 1,2,..., ~.Letq>s>~.Sincet=l,wehave 
a J@-*/a J@-8-l s aFG/a J. 
Hence, 0 c a J@-8 + aFG t a/s c 0 is a minimal projective resolution 
of aJ@+. Therefore, Q(aJ@-“) = ap has vertex D,,(,, . By Green’s Theorem 
1.1, also, U,,+ = a J@-” has vertex Dvt8) for every s = cf, q + l,..., q. Since 
v(q - s) = V(S) we deduce 
Uj = ap has vertex Dytj) for q--l>j>q-q. (5) 
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Hence, we may assume that 4 - 4 > j > q. Suppose that Q(r) is a 
vertex of Uj , where V(Y) ‘a v(j). Then, Proposition 8.1 asserts that there 
is a primitive idempotent c E B and an integer t such that a]’ z c( 1 - x>‘FG, 
and 
(1 - x)CFG = c(1 - x)‘FG @ (1 - c)(l - x)7FG. (61 
Let 1 < z, < p be the smallest integer such that 4 - p < j + @J < 
4 -. 1. Then, (1 - x)bu FG = (ker T)” is a two-sided ideal of FG, and (6) 
implies 
(1 - ~)r+@~ FG = c(1 - x)~+~~ FG @ (1 - c)(l - x)~+<~ FG. 
Clearly, uJ~+~’ s c( 1 - x)‘FGJ”“. Now, 
c(1 - x)r FGp” = c(1 - x)r e(ker T)” = c( 1 - x)‘+~‘FG. 
(7) 
Therefore, (7) implies that uJ~+~’ is D,(,I-projective. Since v(j) = u(r + p), 
it follows from (5) that DVb) is a vertex of usMU. Thus, U(Y) < v(j), and 
Dvm is a vertex of Uj = ap for every j = 1, 2 ,..., 4 - 1. (8) 
Hence, because of (4), Proposition 8.1 asserts that Wj = (1 - x+)k(j) FD,G, 
is a source of Uj for every j = 1,2,..., Q - 1, where k(j) = A( j)p-“(5). 
By the definition of #I, both permutations X and r have equal orders. This 
completes the proof of Lemma 9.2. 
LEMMA 9.3. Let B t) e be a uniserial block of FG with inertial index 
t = 1 and defect group D = (x), \ D I = q. If J is the radical of B, then 
there is a primitive idempotent a E B such that 
(a) (W, = uJi 1 j = 1,2,..., q - l> is a full set of nonisomorphic non- 
projective indecomposable FG-modules of B. 
(b) DyG.) = (x+) is a vertex Of Uj for j = 1,2 ,..., q - 1. 
(c) There exists a permutation X of {1,2,..., q - 1) such that v(j) = 
v(h( j)) and W, = (1 - x P”“‘)~(‘) FD,G, is u source Of Uj for j = 1, 2,..., q - 1, 
where k(j) = p-“(j)h( j), and the order of h is 2’, where 0 < r < v(q). 
Proof. By Proposition 7.3, B has only one simple FG-module, and 
] D 1 nonisomorphic indecomposable FG-modules. As B is uniserial (a) 
holds. 
(b) and (c) are proved by induction on 1 G /. 
Both assertions certainly hold for G = 1. Suppose they are proved for 
all groups of order less that 1 G I. Let N = N,(Y), where Y is the socle 
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of D. Let or be the Brauer correspondence between FG and FN. Then, 
Bl t) e, = my(e) is the unique block ofFN with defect group D corresponding 
to B f-) e under the Brauer correspondence. By Lemma 7.2, also, B, has 
only one simple FN-module. 
We now claim that Lemma 9.3 holds for B, . 
If D = Y, then the radical of B, is Ji = el(l - X) FN by Lemma 3.3. 
Furthermore, Proposition 5.1 asserts that there is a primitive idempotent 
UE Bl such that (Vj = a(1 - x)iFN = aJij lj = 1, 2,..., q - l> is a full 
set of nonisomorphic nonprojective indecomposable FN-modules of B, . 
Since 
(1 - ~)j FN s (1 - xP”(‘))~(~) FDVCij @ FN, 
F=‘vb) 
and since (1 - x)j FN is a two-sided ideal of FN, Proposition 8.1 asserts 
that (b) and (c) hold for the uniserial block Bl of FN. 
Hence, we may assume that D # Y. Let m = N/Y, D = D/Y, and 
let r be the natural epimorphism FN -+ FR. Then, Lemma 6.2 asserts 
that & = $e)FN is a uniserial block of FAi with inertial index t = 1 
and defect group D. If Jl is the radical of B, , then I1 = Jl/e ker r is the 
radical of & . Therefore, by induction, there is a primitive idempotent c 
of B, satisfying all three conditions (a), (p), and (y) of the hypothesis of 
Lemma 9.2. Hence, by Lemma 9.2, the idempotent c of B, satisfies all 
three conditions (a), (b), and (c) of Lemma 9.3. 
Now, let f be the Green correspondence between the indecomposable 
FG-modules Uj = UP of B and the indecomposable FN-modules Vi = 
c( J$, j = 1, 2 ,..., q - 1. As 
X ={DnDg/gEG,g$N} = 1, 
f is one-to-one, and preserves vertices and sources (see [12, Theorem 4.21). 
Since U,-, is the unique simple FG-module of B, the length of a composition 
series of its Green correspondent f( U,-J is either one or q - 1 by Corollary 
7.5. Hence, either f(U,_,) E V,-, or f(U,-,) g V, . In the first case, 
Theorem 3.9 of Peacock [21] asserts that B, and B have the same permutation 
h. In the second case, by Peacock’s theorem, ha(j) = q - &(j) for 
j = 1, 2,..., q - 1, where & and hB1 are the permutations h of B and B, , 
respectively. Therefore, DVb, is a vertex and Wj is a source of Uj for every j, 
which completes the proof Lemma 9.3. 
PROPOSITION 9.4. Let B f-) e be a block of FG with inertial index t, 
radical J, and cyclic defect group D = (x) of order 1 D / = q. If 1 f Y < D 
is a normal subgroup of G, then there are t orthogonal primitive idempotents 
ai of FG in B such that: 
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(a) (Uij = a$ 1 i = 1, 2 ,..., t; j = 1, 2 ,..., q - l} is u fuZ1 set of non- 
isomorphic nonprojective, indecomposable FG-modules of B. 
(b) For every i E (1, 2 ,..., t} and j E (1, 2 ,..., q - l} DVu) = (x~““)) is a 
vertex of Vii . 
(c) There exists a permutation X of (1,2,..., q - l} having order 2’for 
some 0 < Y  < v(q) such that v(j) = v(h(j)) and W, = (1 - ~p”(“)~(i) FD,ti, 
is a source of Vii for all i = 1, 2 ,..., t and j = 1,2 ,..., q - 1, where k(j) = 
p-V(j)X( j). 
Proof. (a) By Proposition 7.4, B is uniserial and has t simple FG- 
modules. Hence, there are t orthogonal primitive idempotents ai E B such 
that {Uij = a$ 1 i = 1,2 ,..., t; j = 1, 2 ,..., q - 1) is a full set of non- 
isomorphic, nonprojective, indecomposable FG-modules of B. 
(b) and (c). Let C = C,(Y). Then, C is normal in G. As Y < C,(y) 
for every y E sup(e) we have e E FC. Therefore, 
e =fi+fi+ ..* +fs, 
for some G-conjugacy class of blocks B, c-) fk of FC with defect groups 
S(B,) =o D n C = D, k = 1, 2 ,..., s, by [19, Lemma 6.2 and Theorem 
6.1 l(c)]. Let BI t--) fi be one of these s blocks of FC. By Case 1 of the proof 
of Proposition 7.3, BI is uniserial and has (up to isomorphism) one simple 
FC-module. Therefore, Proposition 7.3 asserts that the inertial index t, 
of BI is tl = 1. Let J1 be the radical of BI . Then, by Lemma 9.3, there 
exists a primitive idempotent c of BI such that { Vj = c(X)? 1 j = 1,2,..., q - 1) 
is a full set of nonisomorphic, nonprojective indecomposable FC-modules 
of B, . Furthermore, DVll) is a vertex of Vi and there exists a permutation h 
of (1, 2,..., q - l} having order 2’ for some 0 < T < v(q) such that v(j) = 
4w and 
W,=(l--x ) d’) w FDvcj) is a source of Vi for j = l,..., q - 1. 
Let T = To@,) be the inertial group of B, f-) fi in G. If p = 2, then 
t = 1 by Proposition 5.1(f), and Proposition 9.4 holds by Lemma 9.3. 
Hence, we may assume that p # 2. Since C < T < G, the group G/C 
is isomorphic to a subgroup of the automorphism group of Y that is cyclic 
[25, p. 1461. Therefore, T is a normal subgroup of G. Let B, = f,FT. 
Then, D, = D n T = D is a defect group of the block B,’ of FT. By 
Lemma 4.1, T is also the inertial subgroup of any indecomposable FC- 
module of B, . Therefore, by Clifford’s theorem, every simple FG-module 
of B is of the form iVl= M’ &FG, where M’ is a simple FT-module 
of B,. Furthermore, B and B, have the same number of simple (non- 
isomorphic) modules. Hence, B,’ is a block of FT with inertial index t 
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by Proposition 7.3. As fi E FC, the block B,’ is uniserial and has t simple and 
t 1 D 1 indecomposable FT-modules Mij , i = 1, 2 ,..., t; j = 0, 1, 2 ,..., q - 1, 
which can be numbered so that Mcj, i = 1, 2,..., t, are the t nonisomorphic 
components of V, T = Vj @,FT, where V. = cFC. Hence, [6, Lemma 53.61 
asserts that DVo) is a vertex of Mij and that Mij and Vj have a common 
source for every i and j. By [24, Proposition 21 of Ward, Xij E (Mij)” z 
Mij OFT FG is an indecomposable FG-module of B, and Xij g X,, if 
and only if u = i and w = j. As D ,< C < T, and as every indecomposable 
FG-module of B is D-projective, {Xij z A+‘: j i = 1, 2 ,..., t; j = 1,2 ,..., q - 1) 
is the set of all nonisomorphic nonprojective indecomposable FG-modules 
of B, and j is the length of the composition series of Xij . Hence, we may 
assume that Uij z Xij for all i and j. 
Another application of [6, Lemma 53.61 asserts that Dvfj) is a vertex 
of Uij , and that lJij and i& have a common source. This completes the 
proof of Proposition 9.4. 
10. PROOF OF THEOREM 10.1 
Theorem 10.1 is stated in the Introduction. Its assertions (a), (b), and (d) 
hold by Lemma 4.2 and by Propositions 5.1 and 7.3. 
(c) If Y # 1 is the socle of D, if N = No(Y), and if ur denotes 
the Brauer correspondence between FG and FN, then the block Bl c-) 
e, = q(e) satisfies the hypothesis of Proposition 9.4. Hence, the Green 
correspondent f(M) of every simple FG-module M of B has vertex D by 
Corollary 7.5, proving Theorem 10.1. 
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